Abstract-This paper presents a rigorous and precise geometric theory for the analysis and synthesis of sub-6 DoF parallel manipulators. We give a rigorous definition for the parallel manipulator synthesis problem, and introduce a general method for specifying the corresponding subchains which will result in the desired parallel manipulator. Following this, a procedure for solving the parallel manipulator synthesis problem is proposed when the set of desired end-effector motions is in the form of Lie subgroup or a regular submanifold of SE(3). Numerous examples are used to illustrate the generality and effectiveness of the proposed synthesis method.
I. Introduction
Majority of the parallel mechanism architectures being proposed in the literature have six degrees-of-freedom (DoF). Most industrial applications, however, rarely need it, even those for which some of the 6-DoF platforms are designed for. For example, only 3-DoF is needed for any orientation device, 4-DoF is sufficient for most pick-andplace applications, and 5-DoF is adequate for every conceivable machine tool application. Having a mechanism with more DoF than necessary is not only wasteful in terms of the hardware resources but also increases the programming and maintenance cost. The Delta manipulator ( [1] ) is perhaps the most famous and successful example of a sub-6 DoF parallel mechanism design. Other examples include the H4 robot by Pierrot [2] , the orientation device by Gosselin [3] , the haptic devices by T. Salcudean [4] , the Tsai's manipulators [5] . More examples are found in Gao [6] , Huang [7] , and Merlet [8] .
Synthesis design of sub-6 DoF parallel mechanisms is in general more difficult than that of their 6-DoF counterpart, for the reasons being that, first of all and most importantly, the set of desired end-effector motions, except for a few special cases, does not admit a so-called canonical or (Lie) subgroup description, a description which is global and free of local coordinates; secondly, the subchains that make up a sub-6 DoF mechanism can have in general much richer and more diversified structures than that of their counterpart; and lastly but not the least, much fewer design cases are available in an area where experiences count the most.
A rigorous mathematical approach with a strong geometric flavor thus appears to be the only alternative for addressing the immense difficulties encountered in syntheThis research is supported in part by Hong Kong RGC grants No. HKUST 6301/03E, HKUST6187/01E and HKUST 6276/04E, and in part by NSFC grant No.50029501. We would like to thank Profs. JH Lu, M. Yan and W.P. Li for some useful discussions. sis design of parallel mechanisms, especially sub 6-DoF parallel mechanisms, and for achieving the ultimate design objectives. The aim of this paper is to develop a rigorous and yet precise and complete geometric theory for the synthesis and analysis of sub-6 DoF parallel manipulators. The single most important and yet natural mathematical tool we will rely on is the powerful Lie group theory, one that has already found widespread use in kinematic analysis of serial manipulators as well as other branches of robotics and control ( [9] , [10] ). In our twin paper [11] , we have reviewed this basic mathematical tool box, especially the basic properties of the Special Euclidean group SE(3), Lie subgroups and submanifolds of SE (3) . Then starting from a given list of so-called primitive generators, we give a rigorous definition of the synthesis problem for a serial manipulator subchain, and develop a general procedure for solving the synthesis problem when the set of desired end-effector motions is a Lie subgroup or a regular submanifold. With these solid foundations, in this paper, we focus on the parallel manipulator synthesis problem, and introduce a general proposition that dictates how the subchains should be chosen so as to result in the desired parallel manipulator. Following this, a general procedure for solving the parallel manipulator synthesis problem is proposed when the set of desired end-effector motions is in the form of Lie subgroup or a regular submanifold of SE (3) . Numerous examples are used to illustrate the generality and effectiveness of the proposed synthesis method.
II. Synthesis of Parallel Manipulators
Synthesis of a parallel manipulator (PM) starts with a set Q of desired end-effector motions, which we assume will be in the form of either a Lie subgroup, or a regular sub- 
and the set of permissible velocities at each g ∈ C M by
In general, C M is a very complex subset of SE(3), due to the complex singularities of the PM. If, however, C M agrees with Q in a neighborhood of e, then we say that M is a parallel motion (PM) generator of Q. More precisely, we have Definition 1: Given a desired set Q of end-effector motions, with
In order to place only one actuator at the base of each subchain, we will assume that k = n. We will also assume, without loss of generality, that all the subchains are identical and thus the C Mi s differ from each other by only a conjugation.
Because of the complexity of the algebraic set C M (as well as any attempt to compute it), the PM synthesis problem is in general difficult to solve. This, however, can be substantially simplified with the following proposition:
and consequently Q U ⊆ C M . If the following condition
or the dual condition
holds, where
denotes the set of constraint forces for T e Q. Then, there exists a connected open neighborhood U e of e in SE(3) such that
The importance of Proposition 1 lies in the fact that if we choose C Mj , j = 1, · · · k so that Q U ⊆ C Mj and hence Q U ⊆ C M , and either Condition (4) or (5) holds, (3), we have to check Condition (6) or its dual for every g ∈ Q U .
We will refer to (4) and its dual (5) the velocity matching condition(VMC) and the force matching condition(FMC), respectively. Computational savings may result by using the FMC when the dimension of the problem is relatively high(≥ 4), otherwise the using of the VMC is preferred. (6) will be referred to as the global VMC (GVMC).
Using Proposition 1, we now study the PM synthesis problem for Q being, respectively, a Lie subgroup and a regular submanifold of SE(3).
A. Subgroup PM Generators
We will consider PM generators for the Lie subgroups SO(3), T (3), SE (2) , and X(z) only, as these are the most common cases in practice, e.g., the Delta, H4( [2] ) and the Tsai's manipulators( [5] ). We will ignore the trivial case where each subchain generates identical motions as the end-effector of the resulting parallel manipulator.
Synthesis of SO(3) PM Generators
By Proposition 1, we seek 3 subchains
. From Proposition 1 of [11] , a solution to this problem is suggested by expressing
where H j is a subgroup of SE (3) to be determined by the VMC or FMC.
First, observe that H j should not have trivial intersection with SO(3) because, if H j ∩SO(3) = {e}, j = 1, · · · , 3, then the mechanical joints that generate H j in the subchain will be dead-locked when the loop or closure constraints are imposed. Thus, removing these dead joints will not affect the final motions of the resulting PM. Taking this into considerations, we are left with the following subgroups (and their conjugate subgroups) for H j :SE(2), S(N ) and
C j is, respectively, a 5-and 4-dimensional submanifold of SE(3) containing SO(3). Realizations of the various products in (7) have been either discussed or obtained using the tools from [11] . The constraint force for a subchain generating P L(w n ) · SO(3) at e is given by (w T , 0), and that for S(N ) · SO(3) by (t T , 0), where t is the unit direction vector from the origin to N . Thus, if
and with
will be a PM generator for SO (3) . Similarly, if
is a PM generator for SO(3) if the t j 's are linearly independent. Fig.1 and 2 give examples of these two types of PM generators discussed above. The third type of PM generators for SO(3) is obtained when
Note that
Hence, in order to satisfy the VMC, at least two of ω j s, j = 1, · · · , 3 need to be linearly independent. Examples of this types of SO(3) PM generators are shown in Fig.3 . We now turn into a few comments regarding realizations
then clearly, motions generated by M Hj /(Hj ∩SO(3)) will be constrained and hence M Hj /(Hj ∩SO(3)) will be dead-locked. If the subchain contains a generator of H j , then M Hj can only undergo motions in H j ∩ SO(3), i.e., it is equivalent to a mechanical generator of H j ∩ SO(3) with the loop constraints in place. In this case, if M Hj contains some joints that form a H j ∩SO(3) generator, then the remaining joints will become dead-locked. Consider, for example,
Two possible realizations of C j are given by, respectively,
In the former case, motions generated by M P L(ω n j )/R(0,ωj ) will be fully constrained with loop constraints imposed. Hence, this realization is undesirable and should be avoided. In the latter case, with the motions other than
Finally, suppose that M Cj is composed by n primitive joints
where P j1 · · · P jm is a realization of M Hj (containing no joints of mechanical generator of H j ∩ SO(3)), and
With loop constraints imposed, P j1 · · · P jm is equivalent to M Hj ∩SO (3) , and M Cj is equivalent to a mechanical generator of SO (3) . Thus, changing the order of the joints of (Hj ∩SO(3) ) produces another optional structure of subchain which contains an open subset of SO(3) around e :
The FMC is also trivially satisfied. Hence, N = N 1 ||N 2 ||N 3 is a variational SO(3) PM generator for M . For example, suppose M is a SO(3) PM generator with subchains
is also a SO(3) PM generator, as in Fig.4 .
Synthesis of SE(2) PM Generators
Following the same procedure as in the SO(3) case, we need to find subchains M Cj , j = 1, · · · 3, such that
where H j is either S(N j ), C(0, ω j ), or any of their conjugate subgroups. Realizations for each of the product terms in the above form have already been discussed in [11] .
If
then the constraint force space of each subchain at e is spanned by
and applying the VMC, we see that M is a PM generator of SE (2) if at least two of the ω j 's, j = 1, · · · , 3 are linearly independent.
Synthesis of X(z) PM Generators Let
where H j is any conjugate subgroups of X(y), P L(y n ) and C(q, y). The subchains that generate
, and X(z) · C(q, ω) are all equivalent to ,ω) , the generators for which have been studied in [11] . It is interesting to note that
, an equivalent generator of M T (3)·U(0,z,ω) , provides another option of subchains of X(z) PM generators.
With
where u j is the normal of the plane determined by z and ω j , and applying the FMC, we see that
PM generator if at least two of the w j s are linearly independent.
Note that in order to avoid joint dead-locking, we need to restrict our realizations of M Cj to: (2)/T (uj) will give, amazingly, wide variations on the structures of the subchains of the X(z) PM generators.
Synthesis of T (3) PM Generators
Since T (3) is contained in X(z), we can have
Applying the VMC, we see that
PM generator if at least two of the w j s are linearly independent. The Delta manipulator is a good example of this type of PM generators. We can also use for the subchain the following products:
where u j is the normal of the plane determined by ω j1 and ω j2 , it is easy to see that u j , j = 1, · · · , 3 must be linearly independent in order for M to be a PM generator of X(ω 1 ). By reordering the proper joints, one can derive the Tsai's manipulators from here.
B. Submanifold PM Generators
Proposition 1 and the synthesis procedure for subgroup PM generators naturally extend to regular submanifolds. For example, Huang's manipulator( [7] ) with desired motion T (2) · SO(3) is constructed by connecting five subchains, each producing identical motion as the end effector Fig. 6 . U * -joint of the manipulator. It is also straightforward to explain PM generation for other regular submanifolds. Instead of continuing our study along this line, however, we will pursue a different application of the proposed theory in computing the the global motions of the parallelogram and the U * -joint. This is in general a problem of considerable difficulties using any local theory.
Synthesis of PM Generators for Circular Translations
Let the set of desired motions be
where ω is the axis of rotation for the circle, and v ⊥ ω a vector from the center of the circle to the origin of the spatial coordinate frame. Q is thus S 1 embedded in SE (3), and contains e. We now show that the parallelogram is a mechanical generator of Q. Let M = M 1 · M 2 , where for i = 1, 2,
and q 21 = q 11 + u, see Fig 5. Notice that
ence,
from which one derives that,
If at the home configuration e, v and u do not coincide, then the spatial velocities of the subchains are given by
with the intersection
as long as q 11 = q 21 . (10) is precisely the tangent space of Q at e. By the first part of Proposition 1, M generates Q.
Then for all g ∈ Q U , the spatial velocity spaces of the two subchains are
where θ = θ j1 = −θ j2 , j = 1, 2, and their intersection is
which is precisely the velocity space of Q at g. However, one can check that this equality will not hold when θ = −φ or π − φ. Therefore, by the second part of Proposition 1, Q U is the maximal open subset of Q that M generates.
Synthesis of PM Generators for Spherical Translations
Let
where ω 1 and ω 2 are perpendicular unit vectors representing the rotation axes of the sphere, and v ⊥ ω 2 is a vector from the center of the sphere to the origin of the spatial coordinate frame. Q is actually S 2 embedded in SE (3) . We can show that the U -pair based prism (Fig.6 ) which consists of three U U subchains is a mechanical generator of Q.
Moreover, if at the home configuration e, v and ω 1 are not aligned, then the spatial velocity spaces of the three subchains at e are
The intersection of these three subspaces is
Since ω 2 ⊥ v, as long as ω 1 is not aligned with v in the home configuration, (12) is precisely the tangent space of Q at e, and hence M is a mechanical generator of Q. In a similar manner, assume that the angle from ω 1 to v is φ = AT AN 2(ω Then for all g ∈ Q U , the spatial velocity spaces of the three subchains are 
which is just the spatial velocity space of Q at g. However, one can check that this equality will not hold when β = −φ or π − φ. Therefore, Q U is the maximal open subset of Q that M generates.
III. Conclusion
In this paper, we developed a geometric theory for the synthesis and analysis of sub-6 DoF parallel manipulators. We presented a general result for guiding the selection of the subchains so that the parallel connection of which generates the desired end-effector motions of the manipulator. Following this, a procedure for solving the parallel manipulator synthesis problem is proposed when the set of desired end-effector motions is in the form of Lie subgroup or a regular submanifold of SE (3) .
